Abstract. In this paper we show that surjective linear isometries on the little Zygmund space are integral operators and the bounded hermitian operators are trivial.
Introduction
The Zygmund space Z is the set of all analytic functions f on the open disc △, which are continuously extended to the boundary and satisfy the boundedness condition sup
This space endowed with the norm f Z = |f (0)|+|f ′ (0)|+sup |z|<1 (1−|z| 2 )|f ′′ (z)| is a Banach space. We recall that the little Zygmund space is the closed subspace of Z defined by (see [14] ):
Furthermore, we also consider the subspaces of the little Zygmund space Recently, there have been numerous papers on various aspects of classes of operators on Zygmund spaces, see [7] and references therein. In this paper we characterize the surjective isometries supported by these spaces and also classes of operators that are intrinsically related to the surjective isometries.
In section 2, we describe the surjective linear isometries supported by Z (0,1) 0
. We start by defining an embedding of Z (0,1) 0 into a space of continuous functions C 0 (△), then using the form of the extreme points of the unit ball of the dual space C 0 (△) * we give a characterization for the extreme points of (Z (0,1) 0 ) * 1 , see [5] . The adjoint operator of a surjective linear isometry on a Banach space X determines a natural bijection on the set of extreme points of X * 1 . Hence the action of the adjoint operator on the set of extreme points often gives a representation for the isometries on X. This was the approach followed by deLeeuw, Rudin and Werner in the characterization of the surjective isometries on spaces of continuous functions, cf. Theorem 2.3.16 in [10] . We follow this path in our derivation of the form for the surjective isometries supported by Z (0,1) 0
. We show that isometries of Z (0,1) 0 are integral operators of translated weighted differential operators. The form of the isometries encountered in this new setting is quite different from the standard weighted composition operators type of isometries supported by several spaces of analytic functions, as pointed out in [15] , see also [10, 13] and [12] .
In section 3, we use our characterization of the isometries to describe the generators of strongly continuous one-parameter groups of surjective isometries. Thereby we derive the form for the hermitian operators from the representation theorem for isometries. Further, we conclude that bounded hermitian operators are trivial. We then employ a theorem in [11] to extend our representation for the hermitian operators on Z (0,1) 0 to the little Zygmund space Z 0 .
Extreme points of (Z
We embed Z (0,1) 0 into C 0 (△), the space of all continuous functions F defined on the unit disc and satisfying the boundary condition lim |z|→1 F (z) = 0. This space is endowed with the norm F ∞ = max |F (z)|. We define
The map Φ is a linear isometry with range space denoted by Y.
Throughout this section we represent functions in Z (0,1) 0 with lower case letters and their images under Φ with upper case letters, e.g. F = Φ(f ).
Arens and Kelley's theorem (see Corollary 2.3.6 in [10] ) states that every extreme point of the unit ball of Y * is of the form e iα δ z , with z ∈ △ and δ z : Y → C given by δ z (F ) = F (z). This implies that extreme points of (Z 
We denote the set of extreme points of the unit ball of the dual space Y by ext(Y * 1 ) and in the next lemma we show that every functional of the form e iα δ z is an extreme point of Y * 1 .
Proof. Arens and Kelley's theorem states that ext(Y * 1 ) ⊆ {e iθ δ z : z ∈ △}. We now prove the reverse inclusion. Given a functional of the form e iα δ z , we assume that there exist ϕ 1 and ϕ 2 in Y * 1 , such that (2.1)
Since Y is a closed subspace of C 0 (△), the Hahn-Banach Theorem implies the existence of norm 1 extensions of ϕ 0 and ϕ 1 , to C 0 (△), denoted byφ 0 andφ 1 respectively. These functionals are written as
with ν and µ representing regular probability Borel measures on △. Given z 0 ∈ △ \ {0}, we consider the following function
It is easy to check that f 0 ∈ Z
This leads to an absurd and shows that |ν|(△ \ {z 0 }) = 0 and ν(△ \ {z 0 }) = 0. Therefore ν({z 0 }) = 1. A similar reasoning applies to µ. Given F ∈ Y, we have
Then ν = µ and ϕ 0 = ϕ 1 . This completes the proof.
Lemma 2.1 implies that the extreme points of (Z 0 0 ) * 1 are precisely the functionals
It follows that ext((Z
3. Characterization of the surjective isometries on Z (0,1) 0
In this section we show that linear surjective isometries on Z (0,1) 0
can be represented as integral operators.
Given a surjective linear isometry T :
, where Φ represents the embedding considered in the previous section. The adjoint operator of S, S * : Y * → Y * induces a permutation on the set of extreme points of (Y * ) 1 . This can be expressed as follows. For every z ∈ △ and θ there exists a unique pair (w, α) ∈ △ × [0, 2π) such that
The values of α and w conceivably depend on the choice of θ and z. This determines the following two maps:
We show in the following lemma that σ 0 is independent of the first coordinate and then we consider σ : △ → △ given by σ(z) = σ 0 (1, z).
Lemma 3.1. If z ∈ △, then σ 0 restricted to the set {(e iθ , z) : θ ∈ R} is constant and σ : △ → △, defined by σ(z) = σ 0 (1, z), is a disc automorphism.
Proof. We assume that there are points in S 1 , e iθ and e iθ1 such that σ 0 (e iθ , z) = w = w 1 = σ 0 (e iθ1 , z), for some value of z ∈ △. Hence
Substituting f 0 (z) = z 2 /2 into (3.3) and (3.4) we get
respectively. Therefore
. This implies that |w| = |w 1 | and e i(α−θ) = e i(α1−θ1) . From (3.3) and (3.4) we conclude that f
. Hence w = w 1 and σ 0 depends only on the value of z, as claimed. Then given σ as in the statement of the lemma, we write (3.3) as
We apply the same reasoning to T −1 to determine ψ, a mapping from the open disc into itself, satisfying the equation
Equation (3.6) applied to T f yields
Setting f (z) = z 2 /2 in the equation displayed above, we obtain
This implies |z| = |σ(ψ(z))| and e iθ = e i(β−θ+α) . Therefore f ′′ (z) = f ′′ (σ(ψ(z))) which implies that σ • ψ is the identity on △ and then σ is surjective. A similar reasoning also shows that ψ • σ is the identity on △ and σ is injective. We now prove that σ is analytic. To this end, we apply the equation (3.5) to the two following functions f 0 (z) = z 2 2 and f 1 (z) = z 3 /6. We obtain
respectively. For every z ∈ △ we have [(T f 0 ) ′′ (z)] = 0. Therefore
This shows that σ is analytic and then a disc automorphism. and z ∈ △,
Proof. We first assume that T is a surjective linear isometry. It follows from Lemma 3.1 and respective preamble that
for every f ∈ Z (0,1) 0
and z ∈ △. In particular, for f 0 (z) = z 2 /2, we have
Since the mapping z →
is analytic on the open disc, the Maximum Modulus Principle for analytic functions implies that it must be constant, then there exists
The equation displayed in (3.7) applied to f 0 yields
Substituting this relation in (3.7), we have
Integrating this last equation twice and since (T f )
It is easy to check that T of the form displayed in the statement of the theorem is an isometry. To this end and since (1 − |z| 2 )|σ ′ (z)| = |σ(z)|, we have
This completes the proof. Let {T t } t∈R be a one parameter group of surjective isometries on Z (0,1) 0
. For each t, T t has the representation
In this section we show that the group properties of {T t } t∈R transfer to the families {α t } t∈R and also {σ t } t∈R defining {T t } t∈R .
We recall that {T t } t∈R being a strongly continuous one-parameter group means that T 0 = Id, T s+t = T s T t for every s, t ∈ R and the strong continuity means that 
This implies that
2 /2 and to f 1 (z) = z 3 /6 we get e iα0 = 1 and σ 0 = id.
Since T s T t = T s+t we have that
Differentiating this last equation we have
and differentiating again
for every f ∈ Z (0,1) 0 and z ∈ △. In particular for f (z) = z 2 /2 we have e i(αt+αs) σ
Also, for f (z) = z 3 /6, we have σ s (σ t (z)) = σ s+t (z) and e i(αt+αs) = e iαt+s . Since α t is one parameter group of scalars then it must be of the form αt. It is left to prove that that t → σ t is continuous at t = 0. Since T t is continuous at t = 0, for every f , lim
In particular for f (z) = z 2 /2 and for f (z) = z 3 /6 we have
and lim
respectively. For every z ∈ △,
− z| the limits displayed in (4.1) imply that, for every z ∈ △,
For each t ∈ R, σ t (z) = λ t z−at 1−at z with λ t a modulus 1 complex number and a t ∈ △. For z = 0, (4.2) implies that lim t→0 λ t a t = 0, then lim t→0 a t = 0. Suppose λ tn is a convergent sequence of modulus 1 complex numbers, we assume that it converges to e iθ , from (4.2) we conclude that e iθ = 1 and every sequence λ tn it must converge to 1. Therefore, there exists δ > 0 such that for |t| < δ we have |a t | < min{1/2, ǫ/3} and |λ t − 1| < ǫ/3. This implies that
This shows that σ t is uniformly continuous at t = 0 and completes the proof.
Generators of strongly continuous one-parameter groups of isometries on
We derive the form of the generator of {T t } t , a strongly continuous one parameter group of surjective linear isometries on Z (0,1) 0
. We recall that
and its generator is defined as follows:
Results in [1] imply that {σ t } t is either the trivial group or a group of automorphisms of one of the following types:
(i) Elliptic.
σ t (z) = (e ict − |τ | 2 )z − τ (e ict − 1) 1 − |τ | 2 e ict −τ (1 − e ict )z , with c ∈ R \ {0}, τ ∈ C such that |τ | < 1. (ii) Hyperbolic. σ t (z) = (βe ϕt − α)z + αβ(1 − e ϕt ) (e ϕt − 1)z + (β − αe ϕt ) ,
with ϕ a positive real number, |α| = |β| = 1 and α = β.
(iii) Parabolic.
σ t (z) = (1 − ict)z + ictγ −icγtz + 1 + ict , with c ∈ R \ {0} and |γ| = 1. Disc automorphisms can be extended to the conformal maps on the plane and as such they fall in one of the three different types listed above according to the fixed points. More precisely, an elliptic automorphism has a single fixed in the disc and another one in the interior of its complement; a hyperbolic automorphism has two distinct fixed points on the boundary of the disc and a parabolic has a single fixed point on the boundary of the disc. It is shown in [1] that every automorphism in a 1-parameter group of disc automorphisms share the same fixed points.
Therefore, we summarize these considerations in the next Proposition.
